


Institutional Archive of the Naval Postgraduate School 


Calhoun: The NPS Institutional Archive 
DSpace Repository 


Theses and Dissertations 1. Thesis and Dissertation Collection, all items 


1971 


A graph theoretic approach to the class 
scheduling problem. 


Deitrick, Charles Lewis. 


http://ndl.handle.net/10945/15737 


This publication is a work of the U.S. Government as defined in Title 17, United 
States Code, Section 101. Copyright protection is not available for this work in the 
United States. 


Downloaded from NPS Archive: Calhoun 


: Calhoun is the Naval Postgraduate School's public access digital repository for 
/ (8 D U DLEY research materials and institutional publications created by the NPS community. 
«ist : Calhoun is named for Professor of Mathematics Guy K. Calhoun, NPS's first 


NY KNOX appointed — and published -- scholarly author. 

; | LIBRARY Dudley Knox Library / Naval Postgraduate School 

411 Dyer Road / 1 University Circle 
Monterey, California USA 93943 





http://www.nps.edu/library 


A GRAPH THEORETIC APPROACH 
TO THE CLASS SCHEDULING PROBLEM 


Charles Lewis Deitrick 














— 


United States 
Naval Postgraduate School 
=} PS 
eo Ay: 
NA 
ox acs | 
TG 
THESIS 






A GRAPH THEORETIC APPROACH 
TO 
Tie CLASS SGHEDULENG PROBLEM 







by 







Charles Lewis Deitrick 





Thesis Advisor: U. R. Kodres 





June 197] 


a Rp ec ne ee ee ee Se 
LD PS POS A ELT PR, LA RE FEE ice ee a a Ee a NT 7 SL TS AE TY 


Approved for public rckease; distribution unlincted. 


LIBRARY 
NAVAL POSTGRADUATE SCHOOL 


MONTER °. CALIF. 93940 


A Graph Theoretic Approach 


to 
The Class Scheduling Problem 


by 


Charles Lewis Deitrick 
Lieutenant, United States Navy 
Eeo., Pemmsylvanga State UMavetsity, 1965 


Submitted in partial fulfillment of the 
requirements for the degree of 


MASTER OF SCIENCE IN COMPUTER SCIENCE 


from the 


NAVAL POSTGRADUATE SCHOOL 
June 197] 





LIBRARY 
NAVAL POSTGRADUATE SCHOOL 
MONTERSY, CALIF. 93940 


ABSTRACT 


Two algorithms for coloring large order graphs by 
Partitrening, as related to class scheduling with a com- 
puter, are developed. Although, the two main algorithms 
failed to produce acceptable results for application to 
Chass schedwiliig, a coloring algorithm developed for use 
in the two main algorithms, is an improvement over known 


existing coloring algorithms. 
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I. INTRODUCTION 


The procedure of scheduling classes at the Naval Post- 
Succuate Schoolseiionterey, California, differs from most 
agademic institutions. At most schools a Droge eed 
schedule of courses is presented to the students, and the 
students schedule themselves to courses which do not con- 
moet. At the Naval Postgraduate School the student is 
required to take predetermined courses. This presents dif- 
ficulties in developing a class schedule in which neither 
Peldechi nor imstructor wili,have a class conflict. It is 
this Pe eeK: is investigated. 

Manual production of a class schedule without conflicts 
eo eenculi sand timescconsuming. This method consists of 
SUCeesSsaggemsy Entering Commses into the sehedule. If an 
ee conflicts with previous entries, then the previous 
Cilertes are modifawed to make the new entry possible. This 
pmecess 2S continued until all courses are entered into the 
schedule. The time and labor involved in manual methods 
Mae created interestein the use of the speed of the general 
plmpeSsecadigatal computer in developing class schedules. 

Many methods of applying the computer to class schedule 
production have been proposed or attempted. Some methods 
peecnce Satistactory results, in restricted cases. These 
methods stress either preknowledge of the existence of a 
Selutueonmonrsobtaan an acceptable solution for as many 


courses as possible within a reasonable computer time. 





Appleby, Blake, and Newman [1] attempted to produce 
class schedules with the computer. Mieir propesca tech- 
Maoues Lirerudc:: 

(1) “a@randem trial solution updated to €liminate 
COWL LCs , 

(2) a trial of all combinations until a satisfactory 
scieaule is achieved, 

ey a random buildup "et entries until a conflict oc= 
curs, then modification of previous entries until the con- 
flict is resolved, 

GS hetrrstic approach. 
itey Wademodest sucess especially in high school schedules. 
Drtticulties arose in knowing when an entry made the comple- 
ticn of class scneduie impossible. 

A method using a 3-dimensional scheduling array with 
elements of zeroes or ones is described by Csima and 
Seerises 25). Me method is inefficient due to much com- 
puter time being used in setting up and manipulating the 
merrices. Although a proof “for the existence of a solution 
in general is lacking, there are theorems which guarantee 
Selwerons for specialtases. 

A method using graph theory is described by Mack [4]. 
The method relates course or class conflicts to connections 
within an abstract graph and attempts a solution using graph 
coloring techniques. The method was applied to data from 
mae Seeoncmumarter of the 1967-1968 Br nee Vedat thie 


Naval Postgraduate School with no acceptable results obtained. 





Mack's method used the Welsh-Powell [6] node coloring algo- 
Tacheapplied to the coloring problem. 

im treatung Sene scheduling problem as awgraph theory 
problem, classes are represented as nodes of an abstract 
cmeaph, wand class conf] pets sare represented by a connection 
between nodes. When the scheduling problem has been trans- 
formed to an abstract graph, the original problem may then 
be treated as a node coloring problem in graph theory, where 
colors are assigned to all nodes of the graph such that no 
two nodes, which are connected, are assigned the same color. 
When an acceptable node coloring solution is attained, the 
various hours of the reckibhesencdute may bewassigned to 
pcoloms awe thesweekly schedule for the classes is achieved. 
iNioeecetaxrcs dt ameaccepeavle node coloring be found. 

et “all solutions to the node coloring problem are 
acceptable as a solution to the scheduling problem. One 
Selution to the node»coloring problem is to assign-a dis- 
Gamct color to each node, but this would be totally unac- 
ceptable as a solution to the scheduling problem. Thus, a 
minimum or near minamum set of colors must be found. This 
Sen “ee colors snot Sasily found, sinee theenumber of pos- 
Siblle solutions to the node coloring problem is combina- 
torially related to the number of nodes in the abstract 
graph. Therefore, if the number of nodes is small, the solu- 
tion Wemeesicr to fimid. 

This paper will treat the scheduling problem as a 


graph theory problem. The approach is to attempt a solution 





of the problem by breaking up the graph into several small 
subgraphs, then find solutions to the small subgraphs and 
GColpeme them Go form a solwtien to the origanal graph. 

The scheduling problem at the Naval Postgraduate School 
has inherent restrictions due to the nature of the school. 
Most students have preassigned curriculums, thus courses 
are taken in a prescribed sequence. In addition, the stu- 
demies Nave a prescribed length of time to accomplish their 
Seuares. thes, along with restrictions due to instructor 
meguinvements, antroduces many constraints into the sched- 
meine problem. 

The cont seeaiinwis of preassigned curriculums may be used 
to an advantage in solving the problem. Most students as- 
Saeed to the Naval Pestgraduatve School are assigned for the 
pursuit of a particular degree, and most of the courses for 
. Particular degree are associated with a department. Thus, 
most conflicts and restrictions wouid be departmental, with 
relatively few interdepartmental conflicts and restrictions. 

Tie “method proposed in Section III for solving the 
scheduling problem at the Naval Postgraduate School attempts 
Bemsolve ene Scnedulaing problem for ana eiaien de palimieines 
Using departmental restrictions. The interdepartmental re- 
Seerculons are then used to combine the departmental solu- 
fens inteya solution to the total scheduling problem. 

In Section II of this paper, the scheduling. problem is 


developed in graph theoretic terms. The basic concepts and 





definitions, used in formulating and solving the corre- 
sponding graph theory problem, are presented. 

In Section III, the principal algorithms and the re- 
sults obtained, are presented. Section IV gives the con- 
clusions. The Appendix contains the PL/1 listing of 


algorithms used. 
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11, SOEeINITION OF THE PROBLEM 


A. PRELIMINARY DEFINITIONS 

[iMeoudern tomclarrty the problem, as stated in graph 
theoretic terms, the following definitions taken from 
Busacker and Saaty [2] and Ore [5], are needed. 
Definition l. 

PEinoracred product of a set S with itself, denoted 
Dy (oG5), VS defined as the s@t ofall unordered pairs 
(s&t) where seS, teS and (s&t) = (t&s). 
WesAtnution 2. 

An abstract graph is defined as a non-empty set V, a 
. (possibly empty) set E, and mapping $ of E into (V&V). The 
@temcics Of VY am@ br are called vertices or nodes and edges 
Gieomese Or the graph respectively, and 4 1s called the in- 
cidence mapping associated with the graph. 9% 1S a mapping 
maomenic Set of €dges to the s€t of Wnordered pairs of ver- 
tices (V&V), thus, ¢(e) = (v&w), where v, weV. This con- 
Yencionmeallows graphs to contain multiple edges or parallel 
Pao ia. ee CC, ) = (lee) — (vaw), where €,, e,e8. “A graph 
will usually be denoted by G or (V,E). 

FOr the purpose of this paper, multiple edges or par- 
aiiiel ares are considered as one edge. Thus, by specifying 
the endpoints of an edge, the edge itself may be specified. 


Therefore, the abbreviated notation, e = (v&w), may be used 


for, ¢(e) = (v&w). 


Jal 





Definition 3. 

Vertices v and w are said to be adjacent vertices if 
@(e) = (v&w) for at least one edge e. 
Definition 4. 


An edge e is said to be incident with v and w if 


$ (e) 
Dy eC 


(vGw) for some v and w. This relation is denoted 


(vGw) and read e joins v and w. 
Defanmrtion S. 

The number of edges incident with a vertex v is called 
@eem@erenee Of vy and denoted 6(v). A vertex is said to be 
isolated if 6 (v) = 0. 

Detinwervones. 

The number of vertices in the set V, is defined as the 
Gmeer Of the graph G, denetéed vy o(G). 

Detimation 7. 

A complete graph usedefancd@asma craph where cachemode 
1s adjacent to every other node of the graph. 
Definition 8. 

Peo ae G) = (NTE) 1s derined as a subpraph of 
G = (N,E) if all nodes of N' are contained in N, and all 
edges mm E' are contained in E, and furthermore, for e'cE' 
od(e') = (v&w), where v, weN'. 

Definition 9. 
m Veoumsevcontiveteis said to exist between two courses 


if they cannot be scheduled at the same time. 


a 





B. THE SCHEDULING PROBLEM 

The scheduling problem at the Naval Postgraduate School 
Gomsists of Gakame 2 set of students S, a set of instructors 
Bemaeset of courses C, and deriving a weekly schedule so 
that each course is assigned to an appropriate number of 
tame periods within the five 9-hour days. This must be 
done so that no student or instructor is assigned to two 
GComrses during the same time period of a day. This problem 
is approached by formulating and solving a parallel problem 
mi @haph theory. 
Definition 10. 

A section is a group of students who have the same 


Seneaule. Fom detamiteness, a section is represented by a 


An abstract graph G = (N,E) represents conflicts be- 


tween courses introduced by the students S = {s,, So, $3; 
“2S, t, amd the set of instruetors P = {p,, p,, P3s--+->P,}- 
Mee w= {c,, c,; Caress Cy} be the set of courses. 


(ci) SEG stmdent s, 1s required to take courses c,,Co, 
9Cy tieneG COlmains a Conmpliete praph on these nodes as 

‘ subgraph, 1.e., €, = (c,&c,), €, = (C,4C3,),---5,€, 4 = 
(c,Gc,), = Co, GC5) +++ sp (4-7) = (c, _14C,)» belong to E. 
(7 ee dns Guctor Pp; 1S nea to instruct courses 
22 Carre ops then G contains a complete graph on these 
nodes as a Subgraph, same as in paragraph (1) above. 
Definition ll. 


iiewabove abstract graph G = (N,E) is defined as the 


Comelict graph. 
a3 





The following is an example of a conflict graph for 
the data given: 
(1) “Student s,s requiredito take courses c;, Co, 
and C.. 
(2) WSitudemt Ss, is required to take courses ¢,, ¢,, 
and Ci, . 
(lac ttc tonmp., 1s assigned to amstruct courses c 
aches,” . 
(4), (Seeiwwetor p, is ae6igned to instruct courses c 
aia Cc, . 
he onmed apove, G = (N,E), With N = {c,, c,, ¢ 


25 3°? Srl 


and E = fe, = (c,8c,), CpeeeCemcem we Ge. Gc.), &, 


I 


Cee.) , x Kee ce ui is tie yeonflict graph. Since the 
oomerrec (Gxyqge;) LS @iverea for.$,;,it is not repeated for 


S2, only new conflicts are added. 
°, 


C 
Figure View Aeourse peweiict Graph. 

The course conflict graph, as exemplified above, must 
be expanded to achieve a solution’ to the scheduling problem. 
A course may have a number of recitation periods which must 
be seheduled on different days, Gee Lab perlodenniclh con 
Sists of one or more hours on the same day, or it may have 


bein, | Thus; the course conflict graph must be expanded so 


14 





it Contains a node to represent each hour period required 
Mmaecourse. A set of nodes, N hie | i=1 to k}, where k 
is the total number of hours required, is used to represent 
Peermeettact houree: a course. The resulting graph is cal- 
iedean hour conflict graph. | 

Figure 2 illustrates the hourly conflict graph derived 
from the previous example, and the following data: 

iy Course cy is a 2 hour lad; 

(2) Course co is 3 hours of recitation, 

(3) Course c3 is 2 hours of recitation and 2 hours of 
‘Wanis®, 

(2) Seourse c, is 1 hour of recitation. 

Neemomeameces nm G as follows: c, “*{n;,™M}, co = 


a | cf q 
ee mes Cs = Ming, Ny, Na, Wot, cy, ~ inyos. 





Eaaure 2.) eam Hourly Conilict Graph. 


Miemceicduiliememeat courses 15 not the omy restraint on 
the scheduling problem. If a student is an aviator, he must 


have a consecutive sequence of five hours scheduled for flying. 


ES 





imeadditiom, instructors may be scheduled for research time, 
Speer! lectures ,eand departmental meetings. These addi- 
Peomilerestrictrons Can be built into the schedule by con- 
sidering them as additional courses. 

The constraints imposed upon the scheduling problem 
Samebe Categorized into three groups, namely, daily con- 
Piiteeomeuourly conilicts, and consecutive hours. Daily 
conflicts result from a course having multiple recitation 
periods. Each recitation period must be scheduled on a 
@itferent day. All other conflicts may be considered as 
hourly conflicts. Consecutive hours are hourly conflicts 
with the additional constraints that the hours be consecu- 
pivesand omethe same day. Figure 3 is an example of a con- 
Bikeet (tap With two 32-hour courses ({cy,c,) amd a 2-houwr lab 
(c3). The nodes corresponding to c, conflict with c2, and 


eGentlicts with c3. 


Sy) ws Dog na} hownly comeiact 
So ee sj ati J y daily conflict 
C3 = {n7, nel N; consecutive hours 





omen 5. A Contlict Graph Illustrating Hourly Conflicts, 
Waeiy Gontlicts, and Consecutive Hours. 
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Definition 12. 

A graph is said to be K-colorable when there exists a 
foment toniite of 1ts nodes, N, into classes Ci, Ce, Ge. Cy 
swen that we = N, no node is a member of more than one 
Biss, and where two nodes of the same class are not connec- 
ted. 

Wewainrcron 13. 

The minimum number K for which a graph is K-colorable 
is defined as the chromatic number of the graph. 

ine method of solution to the scheduling problem is to 
color the graph theory model with K colors. A graph with 
enromatice number K, may have K colors assigned to its nodes 
-so that no two adjacent nodes have the same color. All 
nodes of the same class C., as described in Definition 13, 
will have the ith color assigned to them. A coloring of 
Mies=praphn theory model of the scheduling problem may be used 
meeserve tne Scheduling problem. Course conflicts are rep- 
Pesented in the graph theory model by an edge in the graph. 
ors, 1i weame periods of the schedule are assigned to the K 
Golers Owe prapl, COUrses that conflict with oné another 
will be scheduled for different time periods. 

in graph coloring, the colors are usually sequentially 
numbered starting at 1 to some number K. This method of 
numbering the colors is not directly applicable for use in 
tec cwe milange problem. . The schedtling problem Was” the® con- 
straints previously referred to as daily conflicts, hourly 


Geomelreucmaimcmconsecutive hours that must be satisfied. In 


dj 





additionste these constraints, the restrictions of the 
schedule which require that all classes be scheduled with- 
in 9 hour periods per day in a 5 day week, give rise to a 
modified color notation. A method of color notation which 
is suitable to the scheduling problem consists of Soles 
vectors. In this application, a set of two digit numbers 
may be used. Thus, by letting the tens digit represent the 
Meee the units digit represent the hour of the day, the 
time periods of the schedule may be represented. The set 
of numbers 11 thru 59 may be used, with the numbers 20, 30, 
40, and 50 being invalid. In this notation the number 26 
would represent the sixth hour on the second day. The in- 
valid numbers would signify the bounds which separate the 
days. For exampie, the numbers 19, 21, and 22 could not be 
used for three consecutive hours, since the numbers are not 
Seamemtial. by using these color vectors, a check on the 
observance of the constraints may be made easily by checking 
mie Color vector. In addition, these color vectors may be 
used in producing the desired schedule. 

There usually are many solutions to the node *eelomim: 
problem, even when the number of colors is equal to the 
chromatic number K. Exhaustively generating all possible 
solutions towthe node» colloring problem cannot be used except 
in very small graphs. There is presently no known method 
which guarantees a coloring with the chromatic number for a 
erapmewith LyYO00 to 2,000 nodes. 

The graph that results from the scheduling probiem is 


Sreleeneenwotrder, that is from 1,000 to 2,000 nodes. Only a 
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Smal subset of the solutions to the node coloring problem 
would be acceptable as solutions to the scheduling problem. 
These solutions are likely to have a minimum or near minimum 
number of colors. Thus, an algorithm for coloring the nodes 
with a minimum or near minimum number of colors without 
looking at all solutions would be helpful in solving the 
renedgaling problem. 

Definition 14. 

The connectivity between two sets of nodes is defined 
as the percentage of the maximum possible number of edges 
connecting the two sets of nodes. 

Weminition 15. 


it Miami number of elements in E, for a graph 


n(n-1) 


G = (N,E) with n elements in N, is 5 


Heoinition 16. 

Mmeernal Gonnectivity 1s deLined as the connectivity 
of a node in a set to other nodes of the same set. 
Wemanation 17. 

Exccmmal Connectivity is defined as the connectivity 
em et lOLem@dces GL a graph to the nodes of its complement. 

Due to the nature of the Naval Postgraduate School and 
the special restrictions within the schedule, the graph 
Mites eptodiced from the schedule has special charactenis- 
tics. The nodes representing class hours can be partitioned 
into subsets. These subsets can be described as having rel- 


aieily sfowecx ternal connectivity. 
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Paeume 4. A Graph that may be Partitioned into Subsets. 


Figure 4 is an example of a graph that may be partitioned 
into subsets. There are 14 nodes, thus the maximum number of 
‘edges would be 14(14-1)/2, or 91. The set of nodes N can be 


partitioned as follows: 
= ! TITAT? 
‘N N UN UN: , 


where 
Ni =e 2 5a A. 5), 
he =o, 7, 8; 9}, 


We 20, 11,712, 13, 14}. 


mr contains 5 deen thiiceit could contain a maximum of 10 
Pees GCommeceing its nodés. It only contains 6, thus inter- 
mal connectivity is 60 percent. Each of the 5 nodes of N, 
Can connect to each of the remaining 9 nodes for a maximum 
of 45 external edges. Only 5 external edges exist, thus 


Mim Een hecOmmectivity N; is 11 percent. The partitions 


No and N3 can be described in the same manner. 
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When a graph lends itself to partitioning of the type 
where the external connectivity is very low, the difficul- 
ties encountered in coloring large order graphs may be re- 
duced by first coloring the partitions independently. The 
coloring of the whole graph is then achieved by using the 
external connections of the partitions to combine the par- 
eet2on colorings. The dafficulty of finding a minimal or 
acceptable souuvmon still “exists, because coloring and com- 
bining the partitions still requires a minimal or a near 


minimal solution. 


Z1 





Pol SEAPERDMENTAL PROCEDURES 


A. THE ALGORITHMS | 
ihe algoniemm for coloring the abstract graph by par- 
eEerons requires a coloring algorithm which is slightly dif- 
ferent from the existing coloring algorithms of which the 
Welsh-Powell algorithm [6] is a well known example. [In ad- 
dition, two techniques of combining the partition solutions 
mere examined. Thus, the development of the overall algo- 
rithm is presented in stages with the evaluation at each 
Stage. 
Fr tweecoloringe Algorithm 

The algorithm developed for this application is 
designed to handie certain conditions which occur in graph 
coloring. Under these conditions, referred to as forward 
meer contlicts, the assignment of a particular color to a 
meme, will connect all present colors of the graph to an 
uncolored node. The colors connected to this uncolored 
node are referred to as forward conflict colors. Thus, when 
Pseuncolored node is colored, an increase in Ouse 1s 
noagerrecd. In some Situations, the forward color conflict 
may be avorded by using the details of the graph in select- 
ing colors. 

Forward color conflicts may occur within a par- 
tition ox may result from inter-partition connection. An 
Cwammplic Of a forward color conflict is ‘aereneaeed sLI8 yy al ile 


ure 5. Consider Figure 5 as a sub-section of a graph to be 


ce 





colored. The nodes of the entire graph are ordered such 
that no, ns, and ns are assigned colors 1, 2, and 3 respec- 
mivekly, with nN3eas ie next node to be assigned a color. 
mn aay Dewaissienedgerther color 1 or 3 but not color 2, 
since it is adjacent to a node which has previously been 
Peomoned color 2. “wo situations occur from the choice of 
Solor fOr Nye 

(ieee color 1 issassigned, then n, will be ad- 
weeemt to Colors 1, 2, 3, and an additional color 4 would 
be required. 

(2) Ee iaeilor 3 is yassigneds, thenyn, will be ad- 
macent to colors 2 and 3, and color 1 may be assigned to it, 
menus avoldume the increase inethe number of colors as in 


Option (1). 





Ais 


1color assigned 


mmemre 5. illustration of Forward Color Conflict. 


inewecolorimesaloori thm aSiloped fOr this. applica 
trom, anowi as "Logk>ahead" algorithm, has a capability to 
Meaweue  tite=rorward color conflict by using one level of 
look-ahead when a color assignment option arises. The ae 
gorithm assigns colors to the nodes by assigning color 1 to 


the node of highest degree and then sequentially assigning 


ZL 





-a color to each node in the list of nodes. The color for 
each node is selected from the list of previously assigned 
mollers, Suen that the collor is different from the colors 
of the adjacent nodes. If no color is available, a new 
color is added to the list of colors. In the situation 
where a forward color conflict occurs, the algorithm looks 
one level ahead. The available color, with the maximum 
number of nodes contributing to a forward conflict color, 
aoreassuened. 

An example of this look-ahead principle is shown 
me hagure 6. Ascuime that colors 1 thru 3 have been assigned 
to a graph in Figure 6, and that node n, is eeniie considered 
mer a Ceoler., Colors 2 and 3 are available. Color 1 is a 
first evel contlict color, TreéswWiting #£rom node n,. Color 
oem eeOrward Contlict color, resulting from node n,, and 
mellem sei1s a forward conflict color resulting from nodes 
Meeanta n,.. thus, color 3 is the color with the maximum 
number of nodes contributing to a forward COnsiieteco lor ; 


Metice 1t 1S assigned ton, . 


Ns; icolor assigned 
3 
Th i "4 
Ps 3 
ng 
n 
+03 RTI < 
baommeno. ililustration of Forward Conflicts. 
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The Look-ahead algorithm is now described as it 
mertaims to a general abstract graph. 


WeeGe- CNet) be an arbitrary abstract graph with 


a= eS; ieee - me} as the set of nodes and 
EP ey, e,, ee. re! as the set of edges, where 
= Soe. Let the degree of node n; be d., and assume 


i 
mratsene nodes have been numbered so that d, > d, > d, > 


Zs 3 ? 


ere d_. met C =Gkehyace Cayeeee Cy} be the set of colors. 
Then the Look-ahead algorithm may be described by the fol- 
lowing steps. 


CRP ne ts assigned color c kK is set to l. Ini- 


>? 
melize 1=2, j=1, C= {c,}. 

Cy Fand the set of colors A, not available for 
assignment to the next uncolored node n;. ooo rae g # eh 
nodes ny such that Ng Poway acenG “to Nn. ; and Ng has been as- 
Signed color cee igiekae. 

for It “tne set o1 available colors, (€C-A), Is 
empty, n, 1s assigned a new color Chay? eSeane remembe da) Dy 
one, and step (6) is taken. Otherwise go to step (4). 

(ee lf thesset (C-A)) contains only one element 
Si assign color 3 to n; and gor to step (6), else gO co 
Seep (5S). 

(5) (The look-ahead step). Find the set of for- 
Wane conimact colors. 

Let ns be the node which we wish to color next. 

[fi iene is a Bequency Of two edges in E, (n,&n,), ae 


which connects n. to a colored node a via an uncolored node 
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Ng» tmen thie color = of mS 1s"ecalmed 2 comelict color , 
and = reedWhed ayconfliict node. 

There exists a color c, with the maximal number 
Pomconnlictunedes. ii there are several colors with the 
same maximal number of conflict nodes, then the color with 
a lower index is chosen to color node n;- Continue with 
eecp (6). 

(6) If node ns temmot. the lastyunode. then update 
1 and return to (2). Otherwise all nodes have been colored. 

2. Combination by Matching 

ineeetorime a graph by partitions, an abstract 
graph G = peepecs thee Ory senouneinericures4;.whichemay be 
-partitioned into m partitions, is assumed. The character- 
mance s On tice Gran ire sifeh that *Ahe ratic of the parti- 
tions' internal connectivity to external connectivity is 
‘oie Unteethe set of nodes N is partitioned into classes 
De For’ ia=1to m, with WP; = N, and there are relatively few 
edges connecting nodes in Ps to nodes in PS for P. 7 a 
Each partition P. is then colored using the Look-ahead 
Pe ilemeunic MPonithms» seach partition P., 1s. considered asa 
separate graph except when external connections are used to 
resolve forward color conflicts. 

Assume that each partition P. TS cCOlemedmwil ti K 
colors, and also that the partitions are numbered so that 
K, 2 K, 2 K, >...2 K,. Thus, combining the partitions in 


decreasing order will combine the partitions with the high- 


est number of colors first. The partition color solutions 
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meer emenm SUCCessively matched to the already combined par- 
maewens to form a coloring solution for the total graph. 
Definition 18. 

The complement of a graph G = (N,E) on n nodes, 
denoted by G, is obtained by deleting from a complete graph 
mim nodes, those edges that occur in the original graph G. 
Definition 19. 

Given a graph G = (N,E) on n nodes, in which the 
nodes have been partitioned into non-empty classes Ss on, 
i=l to k, and Us, = N. A new graph G' = (S',F) may be con- 
Structed, where n,'€S', for i=l to k, and where each n. 
represents a class of nodes Ss from the original graph G. 
feF if there exist an edge eeE, where e = (n.én,), n.eS; 
n,eS, for u#v. Graph G' is defined as a coaiescéd graph. 

The solution to the coloring problem is constructed 
by successively matching the colors of the partition solu- 
tions, with the previously assigned final colors. A graph 
is constructed from the original graph G. All nodes of 
the original graph, with a final color assigned, are co- 
alesced and represented by a complete subgraph on K nodes, 
where K is the number of final colors. The nodes of the 
Pametition to be matched P., are coalesced and represented 
by a complete subgraph on K; nodes. Thus, the final colors 
and the partition colors are represented by the nodes of 
the two complete subgraphs. Edges are then constructed be- 
tween the nodes representing final colors and the nodes rep- 


resenting partition P.'s colors. If a node in partition P., 
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with partition color ae 1s connected to a node with a final 
color, then an edge is constructed between the nodes repre- 
senting the partition color <. andthe fanalwucolion. giihese 
edges represent color conflicts, when one is assigning a 
fimal color to the nodes with a particular partition color. 
Detamitiom 20. 

A @yeph G = (N,E) is said to be bipartite, if its 
nedes N cam bespamtitioned imto two disjoint sets N, and 
N,, such that every edge e, eeE, has one endpoint in N, 
ama che other aaeN, . 

Detamastaone21. 

Nodes n. and fhe of a graph G = (N,E) may be 
matched if E contains an edge e = coene)% 1 f# j. 

Det imatwen 22. 


mesiequence»ot edges e,;e e 


2? ©y+++,€, ON a sequence 


Of medesen, , a, , Ngo++-+ Nyy such that Tae (n-&n,,4); is 
detuned asean edge chain. 

The graph G' is a bipartite graph with the K nodes, 
representing the final colors, as one set of nodes, and the 
K. Redes, representing the partition colors, as the other 
pet Ofenodes. Sihewsetcctioneot fimabscollorsmtor nodes of a 
partition wath pamtition color ec fone. te Ks, mS JS kec ~ 
ted by maximal matching of the nodes within the bipartite 
graph G'. 

Maximal matching is achieved by selecting an edge 
iG’ and wissumime it as sa solution. Then the existence 


of an alternating edge chain, an edge chain in which alter- 


mite edges are in the present solution, beginning at an 
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unmatched node and ending on another unmatched node, is 
proof that the matching is not maximal. A better solution 
for maximal matching is to delete from the present solution 
those edges which are part of the alternating edge chain 
and add the "eevese meen are not pare of the present ™solu- 
"on. We process er testing for an alternating edge chain 
is then repeated. “It an alternating edge chain cannot be 
found maximal matching is achieved. This procedure is 
@escribed in more detail in Ore [5], pp. 132-137. 

The partition solutions are combined by assuming 
ier pavereronm Ccomors of P, are final Colors, “chen a match- 


cn mModecawatir partition’, issbegan. If a nede, in the 


foepartite rrapn representing a partition color c., is net 


matched with a node representing a final color, a new finai 
color is added. Then all nodes of the partition with par- 
eueron color Ee are assigned the new final color. “When all 
nodes of the partition are assigned final colors, the next 
prueeroian 15 processed. “When firfal colors have been as- 
signed to nodes in all partitions, a coloring of the orig- 
malwcrapl las been constructed. 
3. Combination by Coloring Coalesced Graph 

In coloring a graph by part ions uSines the eco- 
Guceeeasrapn Coloring for combination, “a graph G = (NjE) 
of the form used in combination by matching, is assumed. 
Pewes raurcner assumed that the partitions a Mave Deeu 
colored with K,, for i=] to m. The ordering on the™number 


Seecoror> in the partition is not required by this method. 
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A graph G" = (N",E"), a coalesced graph of graph 
Seis COmetiucted musing the wartitiom cohor solutions 
ley, eS , K3,...-K,. The set of nodes N'' contains a node to 
represent each color of all partitions. Thus the order of 
om iso = Kk, + ko + Kz +....4K , with the set of nodes n, 
mem i-i to K, representing colors of partition P,, n, for 
f=h,+l to kK, representimg colors partition P.> n, fe One 
i=K,+K,+1 COgmte ik representing colors of partition, , 
etc. The set of edges E'' is constructed by considering the 
edges of the original graph G which connect nodes in dif- 
Forent Golor sets. Thus, if ecE and connects a node of one 
Golem to a node of a different color, then an edge e" is 
added to E". The edge e" connects the nodes in N" represent- 
foe the two cojers. In addition an édge. ts added? to E" hem 
mk "CdGes execrnal to the partitions, since an edge connec- 
time modes of different partitions 1s considered as connec- 
ting different colors. Since an optimal or near optimal 
coloring of each partition is assumed, the color sets within 
e@eiepareition mutually connect fo each other. Thus the set 
of nodes representing the colors of a partition comprise a 
complete subgraph of G'"'. 

The coalesced graph G'"' is then colored by ordering 
the nodes of N'' in descending order by degree of the nodes, 
and submitting it to the Look-ahead coloring algorithm. The 
number of colors required to color G" will be the number of 
colors required for coloring the nodes of G. The nodes of 


G" which have a common color, and which represent nodes of 
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G which may be colored with the same color, are all combined 


into a common class and a single color assigned. 


ee RESULTS 

The above algorithms were programmed in PL/1, as inter- 
nal subroutines, along with supporting subroutines. These 
Subroutines were then called in various sequences to evaluate 
the effectiveness of the algorithms. The PL/1 listings for 
the three algorithms are included in this paper. 

The algorithms were evaluated using randomly generated 
graphs. These graphs were generated by specifying the fol- 
lowing parameters: 

(ae sOmder of the graph, 

(2) Nember of partitions in the graph, 

(3) Percentage of internal connections for a partition, 

(4) Percentage of external connections for a partition. 
The nodes are randomly assigned to a partition and then all 
node pairs are considered for an edge in the graph. A ran- 
dom number generator is used along with the percentage of 
iitcermal Commections or percentage of external connections, 
depending upon whether the two nodes are in the same parti- 
tiom or not. A random graph, non-partitioned, may be gen- 
erated by specifying only one partition. 

The graph is contained in a matrix, named CONGRAPH, 
Which iS common to all subroutines. Each row in the matrix 
Gepeocemese a Node ot the graph. The edges of the graph are 
represented by listing the connected nodes sequentially in 


CieeGuen. ihe nodes of a partition are chained together with 
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the first element in each row indicating the next node or 
wiewlast node ©f a partition. The last two elements of 
the row are used for the final color assigned and the par- 
Merton COlOT aSSigned, respectively. A second matrix con- 
ae first node of the partitions and the number of 
colors i the partition solutions. Thus, the two matrices 
store the information about the graph and its partitions, 
for all subroutines. 
1. The Look-ahead Algorithm 

To evaluate the effectiveness of the Look-ahead 
ae oritimg, the sequence of graphs in Table I were generated. 
Graphs 1 thru 10 wenhe Pencraeed Wilrnoue partitiomineg. Grapns 
Simei omere generated with partitioning; but were colored 
asa Vwnole graph. The grapns weve CWidered, using the bhLeodl- 
ahead algorithm, with the nodes ordered in descending order 
by degree. In addition, these graphs were colored, using 
the Welsh-Powell algorithm as well as the Look-ahead algo- 
rithm, with the nodes in the generated order. The results 
are listed in Fable a 

mnie graphs were colored, using the Look-ahead al- 
gorithm with nodes in the order as generated, to observe 
the affect of ordering the nodes oY degree, on the Look- 
ahead algorithm. Ordering the nodes by degree causes the 
be@ok-ahead algorithm to assign colors to the nodes with the 
highest degree first. Thus, a maximum number of nodes in 
the graph are connected to nodes with previously assigned 


colors. Due to this method of assigning colors, forward 
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Percent Number of Colors 


Graph 7, Napa © ft Look- ahead Welsh- 
he. Order Int. Ext. Partitions Unordered Ordered Powell 
1 80 wr 0 1 26 2S 24 
2 80 6 0 i 19 20 oe 
3 80 215 0 il. 16 16 17 
4 80 4 0 1 14 14 aS 
5 70 a 0 1 i) Te a). 
6 70 6 0 1 20 19 19 
7 70 aS 0 1 16 tS LS 
8 70 a 0 il 1 11 11 
9 60 a 0 1 Ie 14 2 
10 60 sal 0 1 13 2 Le 
11 80 4 ae 5 10 9 LG 
2 80 oS 1 4 9 9 9 
13 70 4 a 4 10 9 
Css 1 4 8 
SS 60 4 lt 3 9 7 8 
16 60 26 2 4 Vi 10 10 
17 60 Ss 1 4 8 8 
18 50 S) we 4 10 8 9 
19 50 6 ae Z 10 10 9 
20 ~=—-50 6 1 2 10 10 9 


TABLE I. A Comparison of the Look-ahead Algorithm with the 
Welsh-Powell Algorithm. 
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The parameter values used in generating the parti- 


timed Crapm@s were obtained by processing the second quarter 


1967-1968 schedule for the Naval Postgraduate School. The 


course conflicts were tabulated by department code. This 


tabulation was then used to group courses, by department 


Ge@e,e to achieve a partitioned conflict 


graph with rela- 


tively high internal connectivity and relatively low exter- 


mot Comnectivity. The results are contamied in Appendix A. 


Mie parameters of the rarlom graph generator were 


Varied individually to observe the effect on the solutions, 


Bs OOmeened by the two algorithivts. Specifically, the cf- 


mect mer the =ratio, external “connectivity to internal con- 


emeetivity, and the number of partitions 
observed. Jn addition, the same pgrapns 
comp lege craphis, using the Welsh-Powell 


gorithms, to compare the solutions with 


ieee gees alone wie lee 


| — ~-_ = | 
were cold@ecd es 


and Look-ahead al- 


the solutions 


achieved by combining partitions. The results are contain- 


ed in Table II. 
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Percent 


of No. Look-ahead Combination 

conn. of Wedishi- Graph 

foe Ord. Int® Ext. part's Ord. Unord. Powell Match color 
1 100 a3 pall 2 12 14 14 ie es 15 
Pao | 6S ll 12 11 14 13 
3 100 WS vel. 4 10 11 1g 14 Las 
4 100 mS 1 S 9 10 10 13 les 
5 igo ao aul 6 8 10 10 ig 11 
6 100 5 ol i 9 10 10 api im 
7 100 sll ae 4 6 6 9 9 
8 100 .2 1 4 7 8 5 13 
9 100 aS me 4 8 8 14 Is 
10 100 a. 4 9 10 10 12 11 
PY ee es el 4 10 11 WZ 14 12 
lye §=1:0.0 26 mm 4 eZ 14 le, 12 162 
ilies 50 a5 il: 3 7 8 i 8 7 
14 50 6 ft 2 10 10 9 9 G 
hi 50 ae, wd 4 8 10 9 10 9 
16 60 ‘a5 Al 4 8 8 8 9 8 
7, 60 eG eZ 4 10 Jide m0 12 11 
18 60 4 or 3 7 9 8 10 9 
19 70 ao ma 4 8 8 9 8 
20 70 4 ee, 4 9 10 8 eZ eZ 
2) a a 4 9 9 9 iL 11 
ZZ 80 4 oe 5 9 10 10 15 15 


TABLE Il. Comparison of Partitioned Coloring wath Non= 
Weanrtitwemed Coloring. 
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IV. CONCLUSIONS 


J Oombesotieva lee amine class scheduling applications , 
the guaph colorameg methedeshould give solutions»which are 
no worse than solutions obtained by simple sequential 
coloring methods. Since the desired results were not 
achieved on modernate order graphs, as indicated in Table 
Wl, theemetheds developed same net considered appropri ate 
to class scheduling applications. 

The two methods developed for coloring graphs by par- 
iihtOn Sealed tompmoduce desamedmesuits due to thesan- 
abi lim to seleet alternate solwtions. The coloring 
lolmtions Fathin the partitionsswere consideredwas being 
fixed. Thus, possible alternate solutions, within the 
portationsy were not considered in theseonstruction of the 
Goliorings solution for thesentine graph. Im addition,-»al- 
ternate combinations of the partition solutions were not 
considered by the two methods. The failure of the two 
methods was caused by this non-selectivity in attaining a 
solution for the entire graph. 

The fixed partition solutions generate a large number 
of edges in the coalesced graphs. Thus, in the matching 
aicomthiethere 1s anwansuffiesent number of sedges in the 
bipeartinte: craphe ThiSseresults ame too many colors of the 
partitions beanguconbained),.reqminangenewetamalmcolors. = In 
ene Codlesecedmeraph coloring algorithms the large number of 


edges generated requires a large number of colors, when the 


Si) 





coalesced graph is colored. In both algorithms, the end 
result contains too ony eelonen 

A number of the original graphs and associated co- 
alesced graphs were analyzed. This revealed that the con- 
nectivity of the coalesced graphs could be reduced by 
selecting alternate solutions for the partitions, thus pro- 
Gueing acceptap le results. In some cases, the selection of 
an alternate solution at the time when the partitions were 
combined produced acceptable results. In all cases analyzed, 
amore complex algerithm cowilld produce acceptable results. 
This algorithm would need the capability to select alternate 
solutioms, weebeth the partitions and®at the stage of the 
‘algorithm when the partition solutions are combined. 

Although the two methods of coloring graphs by parti- 
tions failed to produce acceptable results, the Look- ahead 
coloring algorithm produced acceptable results in coloring 
graphs. A comparison of the coloring for the graphs, listed 
in Table I and Table II, shows the Look-ahead method gives 
a coloring with less than or equal to the number of colors 
eee Welsiv-Powell solution for 28 of the 32 different 
graphs. The Look-ahead solution contains less colors than 
the Welsh-Powell solution for 15 oF the 3Z graphs. Im the 
tests on graphs of order 20 and 50, where a large number of 
graphs were colored, the Look-ahead algorithm's solution 
Wes Cquivallent to or better than the Welsh-Powell solution 
[Ome Cemeent Of Lhe graphs of order Z0. The Lock-ahead 


solution gave fewer colors in 14.7 percent of the graphs. 
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For graphs of order 50, the Look-ahead algorithm produced 
meecquivalent or better solution for 88.6 percent of the 
Pups, With 36.6 percent of the solutronsweontaining fewer 
colors than the Welsh=Powell solution. 

Wood [7] describes a method of coloring graphs, using 
acoinmlarity Maer. This method colors the graph by 
perrine nodes" om caemrest Santlaritys Mhe similarity ma: 
trix solutions were compared with the Welsh-Powell solu- 
mons for #00 wandon craphs of order 20), 50, ~and"100, and 
connectivities of .25, .50, and .75. The results, as 
Proc MeNororcence: /, rer twee cgwaphs of order 20. shows 
the similarity matrix solutions are equivalent _ pense 1 


fer G2 ~Pewmecnit of whe omaiplis®, waithen percent better than 


C> 


the Welsh-Powell soiutions. For the graphs of order 5°, 
the similarity matrix solutions were equivalent or better 
$0r 78 percent of the graphs, with 28 percent better than 
Welsh-Powell solutions. The Sigcnifticanm factor, for the 
Cmaps of “Order SOS 1s that the Welsh-Powell algorithm 
gives better results at low connectivity, .25, whereas the 
Smrplarity watrix method gives better results at high con- 
nectivity, .75. Wood claims that his Spinel aaeey matwr 1X 
method is an improvement over the Welsh-Powell algorithn, 
Sweept for Warce@order low Connectivity craphe. 

A comparison of the data for the Look-ahead algorithm 
with the data for the similaraty~matrix method, .in Table 
III, shows the following: 

(1) The solutions achieved by the similarity matrix 


method, are the best solutions for a slightly higher 
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Pemeentage of graphs of order 20 than the Look-ahead 
method. 

(2) The Welsh-Powell algorithm achieves the best 
PomuerOn Gar a Sitiitmeramery higher percentage @f the 
graphs in the comparison with the similarity matrix method, 
than in the comparison with the Look-ahead algorithm. 

(3) The Look-ahead algorithm achieves a significant- 
ineeirener terceneage OL Solutions the category of equiv- 
elent or be@ter, thame the Simalarrty mateax method. 

In addition, the Look-ahead algorithm does not yield to 
Eieawelsh=Powell aligornathm@gior any ordem or connectivity 
tested. Thus, the Look-ahead algorithm is considered an 
improvement over both the Welsh-Powell algorithm and the 
Siilitarityematrix metiod . 

Although the Look-ahead algorithm was designed for 
Govoring partitions, it may be poss#pble to achieve class 
schedules using the Look-ahead algorithm to color the 
Somprete conflict graph. A graph was constructed using 
mame courses of the third group, listed in Appendix A, of 
the Naval Postgraduate School schedule for the second 
auamter Of 1967-1963 academic year. These courses were 
considered as an hourly conflict graph. The associated 
cComtlict graph was colored usamg the Look-ahead algorithm 
and sequential colors. The graph was colored with 20 
colors. Thus, with the iIMmplenentation Of color vectors 
in the Look-ahead algorithm, it may be possible to. achweve 


acceptable class schedules. 
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Comparison of similarity matrix/Look-ahead 
Order Percent methods with the Wélsh=Powell method.” Data 


058 listed is percent of solutions. 
Comme Pewter Same Worse 
Sim LA Sim LA Sim LA 
20 225 real 16 61 83 18 1 
20 2oi0 26 16 54 vo 20 5 
20 75 21 12 67 87 Wz iH 
50 25 8 36 66 48 26 6 
50 oo ow SG SZ 38 18 26 


50 SIS 40 44 ot 54 Ze Z 


fete Jit. Comparaison of @ihreesMcthods. 
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APPENDIX &: SCHEDULE DATA 


The Naval Postgraduate School schedule for the sec 
quarter 1967-1968 academic year was processed to obtain 
the following data: The schedule contained 424 courses 
with a total of 1373 class hours. This is an average o 
53.04 9n@urs per course. The course conflicts were tabul 


by department code. This tabulation was used to group 


ond 


£ 


ated 


cotmses orrered by departments, to a@éhieve the followamne 
Sees tics:: 
Maximum Percent 
Number Edges edges of 
of existing possible edges 

Group GCeurses Ime. Xe. ae. spec, (Wnt. “EX, 
‘AO, BI, AE 48 26 Sk Zoe beso ,.0so . OOS 
cS, LI JeMN. SP 43 89 168 ESUGem Os 55 049) . 010 
Oe Cl, “GV; HL, 
ME, MR. MS. NW 115 Paes | SSoeeeotet S6Z225° .017 .009 
eee ORS 204 640 392 49952 46144 .015 .008 
Pie LS 
Average percemt Of Vimeernal capec yo). Near tar cites Tae 034 
pipes, percent of Cximemmal Cd@eS —. [as sen sss cect ee wes 008 
Pavciempe Latio Of Internal edpessto external edges 2 aye a 2a 


42 





ALGORITHMS 
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[x Peete NWO ER OF COERG2SeAVAILLIABLE FOR ASSIGN*@NT [S; 
Pe GRE; ASSIGN COLGR TOC lNwO0E. 
Ze CROATAR That) ONCS wiSS Tome COLOR WITH MAXIMUM SECOND 
TEWSG CONG ue ; 
See te ero Lae CURRENT NUMBER’ CF. COUGRS Ane 
ASOoPGE VE. ie yee OR 6 7 
Ce Se eee NN) ORG /FCOMORS AVATES/ 
LE SNAVEDL TiEN NU 4 /*MULTI-COLURS AVATEVAp UE 7 
SenECK SECUNMIREEV ED Go e i 1Ct Se / 
D0 N=1 TO NUJCO; 
SNOC-NOCOLIST(N@ 35 /* SEGAanD PEVEL MODEy/ 
O09 [=1 10 95 WHILF(CUNGRAPH(SNOD, 1 Ja=u) 5 
aoc. LEVEL CONmeIC lh Sor +7 
TNODE=CUNGe Ae tESNUD, 1) 5 
/*®PS THE NODE Te GURPENT ne 
| IF CINGRAPH(TNUDE)>0 THEN 
J*HAS A COLOR BEEN ASS IGNED*/ ; | 
iF CONGREAPAUTTNODE,93S) > UO THEN 00; 
PrP ORweanO CONFLICT CCLOF*/.- 
CQL=CUNGRAPH(TNODE, oe 
LECCE See Ob] <= HEN 
meaDD 11) FURAARD COLOR CONFL DGS 7 
Cio) Coe iS br( Col) =] 5 
END; 
{[NO% 
ENDS 
J“GET COMUGR COMIEIVUTA!) 8Y Wire MAXIMO Tet R See NOOES</ 
SCONS oo bea eee 
meescii = MVE); 
ne l=2 ue (eae 
IF CULT See VCOL (1 )) <9 SCONS THEN: 00; 
MAXSCOMe AVCOL(1); 
SCON ==: CULISTUMAXSCUON) 5 
ime END 5 
MOS 
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